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THE SINGULAR LOCUS OF HYPERSURFACE SECTIONS
CONTAINING A CLOSED SUBSCHEME OVER FINITE FIELDS
FRANZISKA WUTZ
Abstract. We prove that there exist hypersurfaces that contain a given
closed subscheme Z of the projective space over a finite field and intersect
a given smooth scheme X off of Z smoothly, if the intersection V = Z ∩X is
smooth. Furthermore, we can give a bound on the dimension of the singular
locus of the hypersurface section and prescribe finitely many local conditions
on the hypersurface. This is an analogue of a Bertini theorem of Bloch over
finite fields and is proved using Poonen’s closed point sieve. We also show a
similar theorem for the case where V is not smooth.
1. Introduction
The classical Bertini theorem over infinite fields guarantee the existence of a
smooth hypersurface section for a smooth subscheme X of the projective space.
For a given closed subvariety Z ⊆ X , Bloch showed that the hypersurface can be
assumed to contain Z, if V = Z ∩X is smooth and 2p > dimX , where 1 < p is the
codimension of Z in X ([Blo71]). If the condition on the dimension is not fulfilled,
this does not hold anymore. But Bloch showed that there still exists a hypersurface
section Y of X such that the singular locus of Y is smooth, contained in Z and of
dimension n− 2p. Over finite fields, Poonen proved an analogue for the case where
V is smooth and 2 dimV < dimX ([Poo08]); here Z is a closed subscheme of the
projective space. In this paper, we generalize this and show an analogue over finite
fields of Bloch’s result for 2 dimV ≥ dimX , where we also add the possibility to
impose finitely many local conditions on the hypersurface (Theorem 2.1).
Furthermore, we show that if the intersection V is not smooth and 2 dimV =
dimX , there exists a hypersurface H containing Z and intersecting X off of Z
smoothly, such that the singular locus of H ∩X consists at most of finitely many
points. We use Poonen’s closed point sieve (cf. [Poo04]) to prove this, and also
prescribe finitely many local conditions on the hypersurface (Theorem 3.1).
We use the following notation: let Fq be a finite field of q = p
a elements. Let
S = Fq [x0, . . . , xn] and let Sd ⊆ S the Fq-subspace of homogeneous polynomials
of degree d. Let Shomog =
⋃
d≥0 Sd and let S
′
d be the set of all polynomials in
Fq[x0, . . . xn] of degree ≤ d.
For a scheme X of finite type over Fq, we define the zeta function of X as
ζX(s) :=
∏
P∈X closed
(1− q−sdegP )−1.
This product converges for Re(s) > dimX .
Let Z be a fixed closed subscheme of Pn = PnFq . For d ∈ Z≥0 let Id be the
Fq-subspace of polynomials f ∈ Sd vanishing on Z, and Ihomog =
⋃
d≥0 Id. For a
polynomial f ∈ Id let Hf = Proj(S/(f)) be the hypersurface defined by f .
As in Poonen’s paper ([Poo08]), we want to measure the density of a set of
polynomials within the space of polynomials vanishing on Z, and define the density
1
relative to the closed subscheme Z of a subset P ⊆ Ihomog to be
µZ(P) := lim
d→∞
#(P ∩ Id)
#Id
,
if the limit exists.
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2. Results for V smooth
Following [Poo04], we want to prescribe finitely many local conditions on the
hypersurface. For this, let Y be a finite subscheme of Pn. For a polynomial f ∈ Id
we define f
∣∣
Y
∈ H0(Y, IZ · OY ) as follows: on each connected component Yi of Y
let f
∣∣
Y
be equal to the restriction of x−dj f to Yi, where j = j(i) is the smallest
j ∈ {0, 1, . . . , n} such that the coordinate xj is invertible on Yi.
Theorem 2.1. Let X be a quasi-projective subscheme of Pn and Y a finite sub-
scheme of Pn such that U = X−(X∩Y ) is smooth of dimension m ≥ 0 over Fq. Let
Z be a closed subscheme of Pn such that Z ∩ Y = ∅. Let T ⊆ H0(Y, IZ · OY ). As-
sume that the intersection V := Z∩U is smooth of dimension l such that 2l ≤ m+k
where k ∈ Z≥0. Define
P = {f ∈ Ihomog : Hf ∩ U is smooth of dimension m− 1 at all points P ∈ U − V,
f
∣∣
Y
∈ T and dim(Hf ∩ U)sing ≤ k}.
Then µZ(P) =
#T
#H0(Y, IZ · OY )
ζU−V (m+ 1)
−1.
In particular, there exists a hypersurface H containing Z, defined by a poly-
nomial f such that f
∣∣
Y
∈ T and such that the singular locus of the hypersurface
section is contained in Z and at most of dimension k. The existence of such a
hypersurface has been shown for infinite fields as well ([Blo71], Proposition 1.2).
Remark 2.2. The proof is a closed point sieve as introduced in [Poo04] and is
organized as follows: First we look at closed points of low degree, defining the
relevant set of polynomials to be
Pr = {f ∈ Ihomog : Hf ∩ U is smooth of dimension m− 1
at all points P ∈ (U − V )<r and f
∣∣
Y
∈ T }
and calculate the density of Pr in Lemma 2.4. As in [Poo04], the argument does
not work if we let r tend to infinity before we measure the density. Hence we also
need to consider closed points of medium and high degree. We fix c such that
S1Id = Id+1 for all d ≥ c (cf. [Poo08]). For closed points of medium degree, let
Qmediumr =
⋃
d≥0
{f ∈ Id : there exists a point P ∈ U − V with r ≤ degP ≤
d− c
m+ 1
such that Hf ∩ U is not smooth of dimension m− 1 at P}.
For closed points of high degree, we differentiate between points on and off of V ,
and define
QhighU−V =
⋃
d≥0
{f ∈ Id : there exists a point P ∈ (U − V )> d−c
m+1
such that
Hf ∩ U is not smooth of dimension m− 1 at P},
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and
QV = {f ∈ Ihomog : dim((Hf ∩ U)sing ∩ V ) ≥ k + 1}.
We will show in 2.6, 2.7 and 2.8, that the error in the approximation that we make
by considering Pr instead of P tends to zero for r → ∞, i.e. the sets Qmediumr ,
QhighU−V and QV are of density zero for r→∞.
2.1. Points of low degree.
Lemma 2.3. Suppose m ⊆ OU is the ideal sheaf of a closed point P ∈ U . Let
C ⊆ U be the closed subscheme whose ideal sheaf is m2 ⊆ OU . Then for any
d ∈ Z≥0 we have
H0(X, IZ · OC(d)) =
{
q(m−l) degP , if P ∈ V,
q(m+1) degP , else.
Proof. This is Lemma 2.2 of [Poo08]; the condition on the dimension is not needed
here. 
Lemma 2.4 (Singularities of low degree). For Pr defined as in Remark 2.2,
µZ(Pr) =
#T
#H0(Y, IZ · OY )
∏
P∈(U−V )<r
(1 − q−(m+1) degP )−1.
Proof. The proof is parallel to the one of Lemma 2.4 in [Wut16], just use Lemma 2.3
above and (U − V )<r = U<r − V instead of U<r. 
Remark 2.5. Note that the condition on the dimension of V is not needed here, so
this proof would work also for points in V , and we would get the same density as
in Lemma 2.3 of [Poo08]:
µZ(Pr) =
#T
#H0(Y, IZ · OY )
∏
P∈(V )<r
(1−q(m−l) degP )
∏
P∈(U−V )<r
(1−q−(m+1)degP )−1.
Nevertheless, we cannot ask for smoothness in points on V for the polynomials in
Pr or P , since the assumption on the dimension in our case, i.e. 2l ≤ m+ k, does
not imply convergence of the zeta function.
2.2. Points of medium degree.
Lemma 2.6 (Singularities of medium degree). For Qmediumr defined as in Remark 2.2,
we have lim
r→∞
µZ(Q
medium
r ) = 0.
Proof. This is parallel to the proof of Lemma 3.2. of [Poo08], just ignore points
in V . Again, the condition on the dimension is not used to prove this, but it does
not work for points in V as the resulting corresponding series does not converge for
2l > m. 
2.3. Points of high degree.
Lemma 2.7 (Singularities of high degree off V). For QhighU−V defined as in Remark 2.2,
µZ(Q
high
U−V ) = 0.
Proof. This is Lemma 4.2. of [Poo08]. The assumption m > 2l is not used in the
proof. 
Lemma 2.8 (Singularities of high degree on V). For QV defined as in Remark 2.2,
µZ(QV ) = 0.
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Proof. The proof of this claim uses the induction argument used by Poonen in the
proof of Lemma 2.6 in [Poo04], and up to the definition of the polynomials gi, it is
similar to the one of Lemma 4.3 of [Poo08].
We may assume U is contained in An = {x0 6= 0} ⊆ P
n. Dehomogenize by setting
x0 = 1, and identify Sd with the space of polynomials S
′
d ⊆ Fq [x1, . . . , xn] = A of
degree ≤ d and Id with a subspace I ′d ⊆ S
′
d.
Let P be a closed point of U . Choose a system of local parameters t1, . . . , tn ∈ A
at P on An such that tm+1 = . . . = tn = 0 defines U locally at P , and t1 = . . . =
tm−l = tm+1 = . . . = tn = 0 defines V locally at P . We may assume in addition
that t1, . . . , tm−l vanish on Z (cf. [Poo08], Lemma 4.3). By definition, dt1, . . . , dtn
are a OAn,P -basis for the stalk Ω1An | Fq,P . Let ∂1, . . . , ∂n be the dual basis of the
stalk of the tangent sheaf TAn | Fq at P . Choose s ∈ A satisfying s(P ) 6= 0 to clear
denominators such that Di = s∂i defines a global derivation A→ A for all i. Then
there exists a neighbourhoodNP of P in A
n such thatNP∩{tm+1 = . . . = tn = 0} =
NP ∩ U , Ω
1
NP | Fq
= ⊕ni=1ONP dti and s ∈ O(NP )
∗. We can cover U with finitely
manyNP , so we may assume that U is contained inNP for some P . For f ∈ I ′d
∼= Id,
the hypersurface section Hf ∩ U fails to be smooth of dimension m − 1 at some
point P ∈ V if and only if (D1f)(P ) = . . . = (Dmf)(P ) = 0.
Let τ = maxi(deg ti), γ = ⌊(d− τ)/p⌋, and ν = ⌊d/p⌋. If we choose f0 ∈ I ′d,
g1 ∈ S′γ , . . . , gl−k ∈ S
′
γ uniformly at random, then
f = f0 + g
p
1t1 + . . .+ g
p
l−ktl−k
is a random element of I ′d, because of f0 and since by assumption l − k ≤ m − l.
Note that we cannot define more polynomials gl−k+1, . . . , gm as in [Poo08], since
our condition on the dimension would not yield a polynomial in I ′d.
For i = 0, . . . , l − k we define
Wi = V ∩ {D1f = . . . = Dif = 0} .
By definition of the Di, this subscheme depends only on f0, g1, . . . , gi.
As in Lemma 2.6 of [Poo04], one can show that for 0 ≤ i ≤ l−k−1, conditioned on
a choice of f0, g1, . . . , gi for which dim(Wi) ≤ l−i, the probability that dim(Wi+1) ≤
l − i− 1 is 1− o(1) as d→∞.
It follows that for i = 0, . . . , l − k we have Prob(dimWi ≤ l − i) = 1 − o(1) as
d→∞ and thus Wl−k is at most of dimension k with probability 1− o(1), which is
what we claimed, since Wl−k contains the points where Hf ∩U is not smooth. 
Proof of Theorem 2.1. We have the inclusions
P ⊆ Pr ⊆ P ∪Q
medium
r ∪ Q
high
U−V ∩ QV :
The first inclusion is clear. For the second, let f ∈ Pr. If f is not in P , then by
definition, either Hf ∩ U is not smooth at some point P ∈ U − V , or dim(Hf ∩
U)sing ≥ k + 1. In the first case, this point P must be of some degree ≥ r, since
f ∈ Pr, and f ∈ Qmediumr ∪ Q
high
U−V . For the second case, if Hf ∩ U is smooth at all
points in U − V , then the singular locus of the hypersurface section is completely
contained in V and f ∈ QV . If Hf ∩U is not smooth at some point in U −V , then
we are in the first case again.
By Lemma 2.4, 2.6, 2.7 and 2.8,
µZ(P) = lim
r→∞
µZ(Pr) =
#T
#H0(Y, IZ · OY )
ζU−V (m+ 1)
−1.

4
3. Results for V not smooth
In the condition on the dimension we will need for the analogue of Theorem 2.1
in the case where V is not smooth, the embedding dimension of a scheme X at a
point P will occur naturally. It is defined as e(P ) = dimκ(P )(Ω
1
X| Fq
(P )). Let
Xe = X(Ω
1
X|Fq
, e)
be the subscheme such that a scheme morphism f : T → X factors through Xe
if and only if f∗Ω1X| Fq is locally free of rank e. Then Xe is the locally closed
subscheme of X where the embedding dimension of X is e.
The condition on the dimension for V non smooth in the Bertini smoothness
theorem (cf. [Wut16], [Gun15]) for hypersurface sections containing a closed sub-
scheme is max{e + dimVe} < m instead of 2 dim < dimX for the case V smooth
([Poo08]). Hence, one would expect an analogue of Theorem 2.1 in the case V non
smooth to hold for max{e+ dimVe} ≤ m+ k. But using our methods, we cannot
prove this exact analogue of Theorem 2.1 where V is not smooth, since we can only
bound the dimension of the bad points of high degree in each Ve and not in V . The
only case that still works is k = 0:
Theorem 3.1. Let X be a quasi-projective subscheme of Pn and Y a finite sub-
scheme of Pn such that U = X − (X ∩ Y ) is smooth of dimension m ≥ 0 over Fq.
Let Z be a closed subscheme of Pn such that Z ∩ Y = ∅. Let T ⊆ H0(Y, IZ · OY ).
Assume that for V = Z ∩ U we have max{e+ dimVe} ≤ m. Define
P = {f ∈ Ihomog : f
∣∣
Y
∈ T, (Hf ∩ U)sing ⊆ Z
and such that dim(Hf ∩ U)sing ≤ 0}.
Then µZ(P) =
#T
#H0(Y,OY )
ζU−V (m+ 1)
−1.
The proof again uses the closed point sieve. We define Pr, Qmediumr and Q
high
U−V as
in in the previous section. The proofs for 2.4, 2.6 and 2.7 do not need the conditions
on the smoothness or dimension of V , and thus we only have to show the following
lemma on singularities of high degree:
Lemma 3.2 (Singularities of high degree for V not smooth). Define
Q = {f ∈ Ihomog : dim(Hf ∩ U)sing ≥ 1} .
Then µZ(Q) = 0.
Proof. We may assume U is contained in An = {x0 6= 0} ⊆ P
n. As there are only
finitely many Ve, it is enough to bound the probability that a polynomial gives a
singular locus of dimension ≥ 1 if we intersect this singular locus with Ve.
Let P be a closed point of Ve. Since U is smooth, we can choose a system of local
parameters t1, . . . , tn ∈ A on An such that tm+1 = . . . = tn = 0 defines U locally at
P . Then dt1, . . . , dtn are a basis for the stalk of Ω
1
An | Fq
at P and dt1, . . . , dtm are a
basis for the stalk of Ω1U| Fq at P . Using the exact sequence ([Har93], Section II.8)
IV /I
2
V → Ω
1
X ⊗ OV
φ
→ Ω1V → 0, we show that dt1, . . . , dtm−e form a basis of the
kernel of φ at P and dtm−e+1, . . . , dtm a basis of Ω
1
V | Fq,P
⊗ OVe,P . In particular,
t1, . . . , tm−e all vanish on V, since Ω
1
V | Fq
⊗ κ(P ) ∼= mV,P /m2V,P . Again, we may
also assume in addition that t1, . . . , tm−e vanish on Z.
As in Lemma 2.8, we define ∂i, s and Di such that for f ∈ I ′d
∼= Id, the hyper-
surface section Hf ∩U fails to be smooth of dimension m− 1 at some point P ∈ Ve
if and only if (D1f)(P ) = . . . = (Dmf)(P ) = 0.
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Let τ = max
1≤i≤le−1
(deg ti) and γ = ⌊(d − τ)/p⌋ where le = dimVe. We select
f0 ∈ I ′d and g1 ∈ S
′
γ , . . . , gle−1 ∈ S
′
γ uniformly and independently at random. Then
the distribution of
f = f0 + g
p
1t1 + . . .+ g
p
le−1
tle
is uniform over I ′d, since by assumption, le ≤ m− e.
Now everything works as in the proof of Lemma 2.8: for i = 0, . . . , le we define
Wi = Ve ∩ {D1f = . . . = Dif = 0} ,
depending only on f0, g1, . . . , gi. Using the induction as in Lemma 2.6 of [Poo04],
we show that Wle is at most of dimension 0 with probability 1−o(1), which is what
we claimed. 
Proof of Theorem 3.1. As in Section 2, we have the inclusions
P ⊆ Pr ⊆ P ∪Q
medium
r ∪Q
high
U−V ∩ Q.
By 2.6, 2.7 and 3.2, the error in our approximation is negligible, and Lemma 2.4
yields Theorem 3.1. 
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